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We present a complete hyperentangled Bell state analysis protocol for two-photon four-qubit
states which are simultaneously entangled in the polarization and time-bin degrees of freedom. The
16 hyperentangled states can be unambiguously distinguished via two steps. In the first step, the
polarization entangled state is distinguished deterministically and nondestructively with the help
of the cross-Kerr nonlinearity. Then, in the second step, the time-bin state is analyzed with the
aid of the polarization entanglement. We also discuss the applications of our protocol for quantum
information processing. Compared with hyperentanglement in polarization and spatial-mode degrees
of freedom, the polarization and time-bin hyperentangled states provide saving in quantum resources
since there is no requirement for two spatial modes for each photon. This is the first complete
hyperentangled Bell state analysis scheme for polarization and time-bin hyperentangled states, and
it can provide new avenues for high-capacity, long-distance quantum communication.
PACS numbers: 03.67.Hk, 03.67.Dd, 03.65. Ud
I. INTRODUCTION
Entanglement is a unique quantum phenomenon and
a crucial resource widely used in quantum computation
and quantum communication in the past decades. It
plays a key role as the information carrier in quantum
communication schemes such as quantum key distribu-
tion [1, 2], quantum dense coding [3, 4], quantum telepor-
tation [5], quantum secure direct communication [9–11]
and so on. Among many physical systems proposed for
quantum communication, the photon is the most com-
petitive candidate due to its manipulability and high-
speed transmission features. Photons have many differ-
ent degrees of freedom (DOFs) to carry quantum infor-
mation, such as, for instance, the polarization, time-bin,
spatial-mode, frequency, and orbital angular monmen-
tum. Entangled states have been prepared in each of
these DOFs in experiments. Moreover, simultaneous en-
tanglement in more than one of these DOFs, referred to
as the hyperentanglement, has also been generated. In
1997, Kwiat et al. proposed the first scheme to generate
an energy-momentum-polarization hyperentangled state
[12]. In 2005, Yang et al. generated a two-photon state
entangled both in polarization and spatial mode DOFs
to realize the all-versus-nothing test of local realism [13].
In the same year, an experimental demonstration of a
photonic hyperentangled system simultaneously entan-
gled in polarization, spatial mode and time-energy was
first reported [14]. Later, Vallone et al. also realized
a six-qubit hyperentangled state which was entangled in
polarization and two longitudinal momentum DOFs [15].
∗Email address: xihanlicqu@gmail.com
The hyperentangled photons carry information encoded
in more than one DOF at the same time and different
DOFs can be manipulated independently. These distinct
features make hyperentanglement useful for many appli-
cations in quantum information processing. It can in-
crease the channel capacity and also enhance the secu-
rity of quantum communication schemes [16]. For in-
stance, hyperentanglement can assist in the conventional
Bell state analysis (BSA) by enlarging the Hilbert space
[17–20]. In 2008, it was exploited to beat the channel
capacity limit in a protocol in which complete BSA of
polarization states is aided by the orbital angular mo-
mentum [21]. Hyperentangled states have also been used
to accomplish deterministic entanglement purification of
polarization entanglement [22–25], construct hyperparal-
lel photonic quantum computing [26, 27] and quantum
repeaters [28]. Entanglement concentration and entan-
glement purification protocols for hyperentangled state
have also been proposed with the aim of establishing
maximally hyperentangled channels between distant par-
ties [29–36].
In quantum communication schemes that are based on
entanglement, state analysis is an indispensable step re-
quired to read out encrypted information. State anal-
ysis is of both theoretical significance and practical im-
portance, and thus it has been the focus of much re-
search. Although a set of mutually orthogonal states
should in principal be deterministically distinguishable,
this becomes a challenge in photonic systems since inter-
action between photons is not an easy task using current
techniques. It was proved that complete BSA is impossi-
ble via linear optics alone [37–39]. Hyperentangled Bell
state analysis (HBSA) in which states of two or more
DOFs have to be distinguished simultaneously is even
more difficult, and is thus also not possible via linear op-
tics alone. It has been shown that 16 hyperentangled Bell
states can be classed into only 7 groups with linear optics
[40, 41]. Therefore, auxiliary states and assistant tools
2have to be utilized to accomplish complete state analysis
[42–47]. In 2010, Sheng et al. proposed the first complete
HBSA scheme for polarization and spatial-mode hyper-
entangled states [44]. The two DOFs are distinguished
with the help of the cross-Kerr nonlinearity in two steps.
Later, an efficient hyperentangled Greenberger-Horne-
Zeilinger (GHZ) state analysis scheme was presented [45].
Moreover, complete HBSA can also be realized with the
help of giant nonlinear optics in optical microcavities and
nitrogen-vacancy centers in resonators [46–48]. Recently,
Liu et al. proposed a complete nondestructive analy-
sis assisted by cross-Kerr nonlinearity of two-photon six-
qubit hyperentangled Bell states in which the photons
are entangled simultaneously in the polarization and two
longitudinal momentum DOFs [49].
So far, all hyperentangled state analysis protocols have
dealt with the polarization and spatial-mode hyperentan-
gled state. This kind of hyperentanglement is a promis-
ing candidate for quantum communication since both
these two DOFs can be manipulated with high fidelity at
present. However, if the spatial-mode DOF is exploited,
each photon requires two paths during the transmission,
which leads to a lot of extra requirements on resources
in long-distance quantum communication. Instead, the
time-bin DOF of photons with two different arrival times
as the basis can save the extra resources. It is also a sim-
ple and conventional classical DOF of photons, and can
be simply discriminated by the time of arrival. Despite
the difficulties in manipulation of time-bin DOF, we have
previously proposed a hyperentanglement concentration
scheme for polarization and time-bin hyperentanglement
[36]. Here, we propose the first complete HBSA scheme
for polarization and time-bin hyperentangled states. The
scheme consists of two steps. In the first step the polar-
ization states are distinguished by two quantum nonde-
molition detectors (QNDs) constructed with the cross-
Kerr nonlinearity. The parity and phase information of
the polarization state are read without destroying the
state. Then the time-bin state is analyzed with the help
of the polarization entanglement, without resorting to
any nonlinearity. The 16 hyperentangled Bell states can
be completely and deterministically discriminated. We
also give two examples of the application of our HBSA
scheme for quantum information processing. Our pro-
tocol is single-shot and requires less nonlinearities com-
pared with previous HBSA schemes for polarization and
spatial-mode hyperentanglement, and is thus useful for
practical long-distance quantum communication.
II. COMPLETE HYPERENTANGLED BELL
STATE ANALYSIS FOR POLARIZATION AND
TIME-BIN HYPERENTANGLEMENT
The two-photon four-qubit hyperentangled Bell state
can be written as
|Υ〉AB = |ΘP 〉AB ⊗ |ΞT 〉AB . (1)
Here A and B denote the two photons and the subscripts
P and T represent the polarization and time-bin DOFs,
respectively. |ΘP 〉AB is one of four Bell states in the
polarization DOF,
|Φ±P 〉AB =
1√
2
(|HH〉 ± |V V 〉)AB , (2)
|Ψ±P 〉AB =
1√
2
(|HV 〉 ± |V H〉)AB. (3)
Here |H〉 and |V 〉 indicate the horizontal and vertical
polarizations, respectively. The time-bin state |ΞS〉AB is
one of the four Bell states in the time-bin DOF,
|Φ±T 〉AB =
1√
2
(|SS〉 ± |LL〉), (4)
|Ψ±T 〉AB =
1√
2
(|SL〉 ± |LS〉). (5)
Here |S〉 and |L〉 denote the two different time-bins, the
early (S) and the late (L). Taking the two DOFs to-
gether, there are 16 hyperentangled Bell states, which can
be completely distinguished in the following two steps.
A. Complete Bell state analysis for the polarization
degree of freedom via cross-Kerr nonlinearity
The principle of our proposed polarization BSA proto-
col is shown in Fig. 1. Two QNDs are used to read the
parity and phase information of the polarization state.
Each QND is composed of two polarizing beam splitters
(PBSs), two nonlinearities and a coherent probe beam
|α〉. The PBS transmits the horizontal state |H〉 and
reflects the vertical one |V 〉. Two photons are guided
into two input ports labeled A and B, and then interact
with the nonlinear medium after the first PBS. The in-
teraction between the photons in the two paths and the
coherent probe beam causes the coherent state to pick
up a phase shift |α〉 → |αeiNθ〉 when there are N pho-
tons in the corresponding spatial mode [50]. Here θ = χt
where χ is the coupling strength of the nonlinearity and
t is the interaction time, both of which can be set in ad-
vance. For example, if the polarization state is |V 〉A|H〉B
(|H〉A|V 〉B), both the two photons go through the upper
(lower) path and the coherent state α1 picks up a phase
shift 2θ (-2θ). We can choose the X-quadrature measure-
ment such that it cannot distinguish phase shifts differing
only in sign “±”. This feature preserves the coherence of
photons with respect to each other as well as the photons
themselves. The evolutions of these four polarization Bell
3states in the first QND are
|Φ±P 〉|α1〉 =
1√
2
(|HH〉 ± |V V 〉)|α1〉
→ 1√
2
(|HH〉 ± |V V 〉)|α1〉 = |Φ±P 〉|α1〉, (6)
|Ψ±P 〉|α1〉 =
1√
2
(|HV 〉 ± |V H〉)|α1〉
→ 1√
2
(|HV 〉|α1e−2iθ〉 ± |V H〉|α1e2iθ〉)
= |Ψ±P 〉|α1e±2iθ〉. (7)
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FIG. 1: Schematic diagram of the complete polarization Bell
state analyzer. The polarizing beam splitters (PBSs) transmit
horizontal polarized states while reflecting vertical ones. The
half-wave plates (HWPs) implement the Hadamard operation,
which transform the phase information of the state into the
parity information. The four cross-Kerr nonlinear interactions
put phase shift ±θ on the coherent states |α1〉 and |α2〉 if
a photon appears in the corresponding spatial modes. The
first QND is used to distinguish |Φ±
P
〉 from |Ψ±
P
〉 while the
second QND reads the relative phase information “±”. After
the homodyne measurements on the two coherent states, the
four polarization Bell states can be completely distinguished
without destroying the entanglement or losing the photons.
By measuring the phase shift via the X-quadrature
measurement, the parity information of the polarization
state can be distinguished, i.e., |Φ±P 〉 is distinguished from
|Ψ±P 〉. Another PBS changes the state back to it’s orig-
inal spatial status, i.e., one photon per path. The pho-
tons and polarization states are preserved after the first
QND. Then two half-wave plates (HWPs) implement the
Hadamard operation
|H〉 → 1√
2
(|H〉+ |V 〉), (8)
|V 〉 → 1√
2
(|H〉 − |V 〉). (9)
The polarization state changes as follows: both |Φ+P 〉 and
|Ψ−P 〉 are invariant while |Φ−P 〉 ⇀↽ |Ψ+P 〉. In other words,
the two HWPs transfer the phase information of the state
to the parity one. After the second QND, the phase in-
formation is obtained. That is, the original |Φ+P 〉 and
|Ψ+P 〉 states will lead to no phase shift on |α2〉 while the
other two states put ±2θ on the coherent state. Hence,
the four polarization Bell states are unambiguously dis-
criminated. The relation between the original state, the
two phase shifts of the two coherent beams, and the new
state are shown in Table. I. The preserved polarization
entanglement will play an important role in the time-bin
state analysis.
TABLE I: Relations between the original state, the new state
of the polarization DOF, and the two phase shifts of the co-
herent states.
Original state |α1〉 |α2〉 New state
|Φ+
P
〉 0 0 |Φ+
P
〉
|Φ−
P
〉 0 ±2θ |Ψ+
P
〉
|Ψ+
P
〉 ±2θ 0 |Φ−
P
〉
|Ψ−
P
〉 ±2θ ±2θ |Ψ−
P
〉
B. Complete Bell state analysis for the time-bin
state assisted by the polarization entanglement
In the second step, the two photons are each projected
onto single-photon Bell basis states and the time-bin en-
tangled states are distinguished with the help of the in-
formation about the polarization entanglement.
Each photon has two DOFs and can be measured in
an entangled basis composed of the two DOFs,
|φ±〉X = 1√
2
(|HL〉 ± |V S〉)X , (10)
|ψ±〉X = 1√
2
(|HS〉 ± |V L〉)X . (11)
Here X can be either A or B. The single-photon Bell
states can be completely distinguished by a single-photon
Bell state analyser (SPBSA), shown in Fig. 2.
Two Pockel cells (PCs) [51] are used to flip the polar-
izations of the photons at specific times, i.e., the PCL
(PCS) is activated only when the L (S) component is
present. Then two unbalanced interferometers composed
of two PBSs are used to adjust the time-bin state such
that the path length difference between the long path L
and the short one S cancels the time difference between
the two time-bins. The HWPs effect the Hadamard op-
eration, and the PBSs then allow a measurement in the
diagonal basis |±〉 = 1√
2
(|H〉 ± |V 〉). As shown in Fig.
2, different single-photon Bell states will trigger different
detectors placed on the four output ports. Thus the four
single-photon Bell states can be deterministically distin-
guished.
Using two SPBSAs for each of the two photons, the
time-bin state can be discriminated with the help of the
undestroyed polarization entanglement. Each of the po-
tential hyperentangled Bell states will result in four pos-
sible detections. There are 16 possible measurement com-
binations, which can be classed into four groups. Each
4PBSHWP
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FIG. 2: Schematic diagram of the single-photon Bell state an-
alyzer (SPBSA). PCL (PCS) is a Pockel cell which effects a
bit flip operation when the L(S) component is present. Then
two unbalanced interferometers composed of two PBSs are
used to adjust the time-bin states: the length difference be-
tween the long (L) path and the short S one is set to cancel
the time interval between two time-bins. Then the two paths
intersect at a PBS and the photon is measured in the diagonal
polarization basis.
group corresponds to four specific hyperentangled Bell
states. The detailed relations are shown in Table. II.
With the knowledge of the polarization entanglement,
the time-bin state can be deterministically identified. For
example, if the two measurement results are |ψ−〉A and
|φ+〉B, the new state after the first step belongs to the
last group. If the first step determines that the original
polarization state is |Φ−P 〉 (the new state is |Ψ+P 〉 ), one
can deduce that the time-bin state is |Φ−T 〉. The initial
hyperentangled state is |Φ−P 〉 ⊗ |Φ−T 〉.
TABLE II: Relations between the new state before the second
step and possible detections.
New states Possible detections
|Φ+
P
〉 ⊗ |Φ+
T
〉, |Φ−
P
〉 ⊗ |Φ−
T
〉, |φ+〉A|φ
+〉B, |φ
−〉A|φ
−〉B,
|Ψ+
P
〉 ⊗ |Ψ+
T
〉,|Ψ−
P
〉 ⊗ |Ψ−
T
〉. |ψ+〉A|ψ
+〉B, |ψ
−〉A|ψ
−〉B.
|Φ+
P
〉 ⊗ |Ψ+
T
〉, |Φ−
P
〉 ⊗ |Ψ−
T
〉, |φ+〉A|ψ
+〉B, |φ
−〉A|ψ
−〉B,
|Ψ+
P
〉 ⊗ |Φ+
T
〉, |Ψ−
P
〉 ⊗ |Φ−
T
〉. |ψ+〉A|φ
+〉B, |ψ
−〉A|φ
−〉B.
|Φ+
P
〉 ⊗ |Φ−
T
〉, |Φ−
P
〉 ⊗ |Φ+
T
〉, |φ+〉A|φ
−〉B , |φ
−〉A|φ
+〉B,
|Ψ+
P
〉 ⊗ |Ψ−
T
〉, |Ψ−
P
〉 ⊗ |Ψ+
T
〉. |ψ+〉A|ψ
−〉B , |ψ
−〉A|ψ
+〉B.
|Φ+
P
〉 ⊗ |Ψ−
T
〉, |Φ−
P
〉 ⊗ |Ψ+
T
〉, |φ+〉A|ψ
−〉B , |φ
−〉A|ψ
+〉B,
|Ψ+
P
〉 ⊗ |Φ−
T
〉, |Ψ−
P
〉 ⊗ |Φ+
T
〉. |ψ+〉A|φ
−〉B , |ψ
−〉A|φ
+〉B.
From the preceding analysis, the 16 hyperentangled
Bell states are unambiguously discriminated with our
two-step scheme. The distinguishing of polarization state
resorts to the cross-Kerr nonlinearity while the discrim-
ination of time-bin state can be accomplished with the
help of the preserved polarization entanglement, without
any nonlinear optics.
III. APPLICATIONS OF OUR COMPLETE
HBSA SCHEME
Hyperentangled states have a lot of applications in
quantum communication in which a HBSA may required
to read out the information. Here we demonstrate the
applications of our HBSA for two protocols: quantum
teleportation and entanglement swapping. Conventional
quantum teleportation can transmit an unknown quan-
tum state through a pre-established entangled channel
without transmitting the photon itself. Entanglement
swapping is an important constituent for quantum re-
peaters in long-distance communication. The channel
capacity of both protocols can be increased with hyper-
entangled states. Here we discuss the applications of our
HBSA scheme in quantum teleportation and entangle-
ment swapping using hyperentanglement in polarization
and time-bin DOFs.
A. Teleportation of a single-photon two-qubit state
Suppose the sender Alice and the receiver Bob share a
hyperentangled channel in advance
|Υ〉AB = 1√
2
(|HH〉+ |V V 〉)⊗ 1√
2
(|SS〉+ |LL〉).(12)
The unknown state of photon X which Alice wants to
send to Bob is
|ϕ〉X = (α|H〉+ β|V 〉)⊗ (δ|S〉+ η|L〉). (13)
Alice can either send the photon directly through a
noisy channel or take advantage of the shared hyper-
entanglement. If she chooses the latter, she performs
the HBSA on photons X and A. The state of the whole
system can be rewritten in terms of the hyperentangled
state as
|ϕ〉X ⊗ |Υ〉AB
=
1
4
[|Φ+P 〉XA(α|H〉+ β|V 〉)B + |Φ−P 〉XA(α|H〉 − β|V 〉)B
+|Ψ+P 〉XA(α|V 〉+ β|H〉)B + |Ψ−P 〉XA(α|V 〉 − β|H〉)B ]
⊗[|Φ+T 〉XA(δ|S〉+ η|L〉)B + |Φ−T 〉XA(δ|S〉 − η|L〉)B
+|Ψ+T 〉XA(δ|L〉+ η|S〉)B + |Ψ−T 〉XA(δ|L〉 − η|S〉)B ].
(14)
Alice has 16 possible measurement results, correspond-
ing to which there are 16 potential single-photon two-
qubit states for Bob’s photon. With our HBSA scheme,
the 16 hyperenatngled states can be completely distin-
guished, according to which Bob knows the state of
his own photon with certainty. For example, if Alice’s
measurement result is |Ψ+P 〉XA ⊗ |Φ+T 〉XA, Bob’s state is
(α|V 〉+β|H〉)B⊗ (δ|S〉+η|L〉)B. Then the original state
can be obtained by Bob with proper single-photon uni-
tary operations on both DOFs.
5Compared with conventional quantum teleportation,
the use of polarization and time-bin hyperentanglement
provides a way for teleporting a single-photon two-qubit
state which carries more information. In conventional
quantum teleportation, two of four Bell states can be dis-
tinguished by linear optics alone. Thus Bob can get the
desired state with 50% probability. In our sceme, without
a complete HBSA, the 16 hyperentangled states can only
be classed into 7 groups and each of them contains more
than one state. Thus the uncertainty of Alice’s measure-
ment outcomes results in a mixed state in Bob’s hand.
This shows that a complete HBSA is indispensable for
teleporting a single-photon two-qubit state.
B. Entanglement swapping between
hyperentangled pairs
Entanglement swapping enables two independent pho-
tons to be entangled with each other without any direct
interactions between them. This plays a crucial role in
quantum repeaters. Conventional quantum repeaters es-
tablish entanglement in one DOF between two distant
parties. Since hyperentanglement shared between two re-
mote parties can improve the channel capacity greatly, it
is useful to establish hyperentanglement between remote
parties. Suppose two remote parties Alice and Bob each
share hyperentanglement with a central node Charlie.
|Υ〉AC1 =
1√
2
(|HH〉+ |V V 〉)AC1 ⊗
1√
2
(|SS〉+ |LL〉)AC1,
(15)
|Υ〉C2B =
1√
2
(|HH〉+ |V V 〉)C2B ⊗
1√
2
(|SS〉+ |LL〉)C2B.
(16)
Here A and B belong to Alice and Bob, respectively, and
C1, C2 are held by Charlie. After Charlie performs HBSA
on C1 and C2, Alice and Bob’s photons will collapsed into
a hyperentangled state.
|Υ〉AC1 ⊗ |Υ〉C2B
=
1
4
[(|Φ+P 〉C1C2 ⊗ |Φ+P 〉AB + |Φ−P 〉C1C2 ⊗ |Φ−P 〉AB
+|Ψ+P 〉C1C2 ⊗ |Ψ+P 〉AB + |Ψ−P 〉C1C2 ⊗ |Ψ−P 〉AB)
⊗(|Φ+T 〉C1C2 ⊗ |Φ+T 〉AB + |Φ−T 〉C1C2 ⊗ |Φ−T 〉AB
+|Ψ+T 〉C1C2 ⊗ |Ψ+T 〉AB + |Ψ−T 〉C1C2 ⊗ |Ψ−T 〉AB)].(17)
From the expression we find the state of AB depends on
the measurement result of C1C2. For instance, if Char-
lie’s result is |Φ+P 〉C1C2 ⊗ |Ψ+T 〉C1C2 , the state shared by
Alice and Bob is |Φ+P 〉AB⊗|Ψ+T 〉AB . With Charlie’s infor-
mation, Alice and Bob can share the desired hyperentan-
gled state with or without some additional single-photon
operations. With our HBSA scheme, hyperentanglement
can be established between distant parties, which will be
useful for long-distance, high-capacity quantum commu-
nication.
IV. DISCUSSION AND SUMMARY
In this paper, we have proposed a HBSA protocol for
polarization and time-bin hyperentanglement, in which
the hyperentangled states are distinguished in two steps.
The polarization state is analyzed with the help of the
cross-Kerr nonlinearity. Both the photons and the po-
larization entanglement are preserved after the discrim-
ination. Then the time-bin state is distinguished with
the help of the information about the polarization entan-
glement. No nonlinear interaction is required to analyze
the time-bin entanglement. The two photons are each
measured in the single-photon Bell basis. Based on this,
the 16 hyperentangled states can be discriminated unam-
biguously.
The cross-Kerr nonlinearity is used in our scheme in
the first step. The feasibility of our HBSA scheme mainly
depends on the cross-Kerr nonlinearity. Although it re-
mains a challenge with current technology, it has been ex-
ploited in many quantum information processing proto-
cols [22, 35, 44, 45, 50]. Recent studies also show promis-
ing results for using the effect in the near future [52–58].
Moreover, we note that in our HBSA scheme, only a small
nonlinearity is required, as long as the phase shift can be
distinguished from the zero phase shift case. This makes
it more promising to implement with present techniques.
It is interesting to compare our HBSA with previous
protocols that use different DOFs. First, in all the HBSA
schemes the two DOFs are distinguished in two steps. It
is important to point out that our scheme is one-shot
in that no pause is required between two steps. In con-
trast, the other HBSA schemes need to confirm the spa-
tial mode of the photons before they move on to the po-
larization state analysis [44, 46]. Otherwise, setups with
more nonlinearities need to be prepared in advance for
all possible situations. Second, in our scheme the dis-
crimination of the second DOF is realized without any
nonlinear optics while in other schemes the analysis of
both DOFs resorts to nonlinearities [44, 46]. These two
advantages make our scheme time-saving and resource-
saving and thus more useful and practical.
In summary, we have described an efficient scheme
for complete HBSA of a two-photon system hyperentan-
gled in the polarization and time-bin DOFs. The 16 hy-
perentangled states can be distinguished unambiguously.
Our HBSA protocol is the first one to deal with polar-
ization and time-bin hyperentanglement. Since the time-
bin DOF requires less resource in long-distance quantum
communication compared with the popular spatial-mode
DOF, we believe it will find more applications in quantum
communication schemes, thus making our HBSA proto-
col useful and relevant for future applications.
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